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Abstract –We investigate the thermodynamic geometry and phase transition of Kehagias-Sfetsos
black hole in the deformed Horˇava-Lifshitz gravity with coupling constant λ = 1. The phase
transition in black hole thermodynamics is thought to be associated with the divergence of the
capacities. And the structures of these divergent points are studied. We also find that the
thermodynamic curvature produced by the Ruppeiner metric is positive definite for all r+ > r−
and is divergence at η2 = 0 corresponded to the divergent points of CΦ and CT . These results
suggest that the microstructure of the black hole has an effective repulsive interaction, which is
very similar to the ideal gas of fermions. These may shine some light on the microstructure of the
black hole.
Introduction. – Motivated by Lifshitz theory in solid
state physics [1], Horˇava proposed a new gravity theory at
a Lifshitz point [2–4], referred as the Horˇava-Lifshitz (HL)
theory. It has manifest three dimensional spatial general
covariance and time reparametrization invariance. This
is a non-relativistic renormalizable theory of gravity and
it recovers the four dimensional general covariance only
in an infrared limit. HL gravity provides an interesting
classical and quantum field theory framework, where one
can address some interesting questions and explore several
connections to ordinary gravity or string theory.
The black hole solutions in the gravity theory have at-
tracted much attention. The spherically symmetric black
hole solution with a dynamical parameter λ in asymptot-
ically Lifshitz spacetimes was first given by Lu¨, Mei and
Pope [5]. Subsequently, other black hole solutions and
cosmological solutions were obtained and studied [6, 7].
The studies also focused on the thermodynamic properties
and dynamical properties of different black hole solutions
[8–14].
On the other hand, the Ruppeiner geometry [15] is
found to be a useful tool to study a thermodynamic sys-
tem. It is generally considered to have physical mean-
ings in the fluctuation theory of thermodynamics, and the
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components of the inverse Ruppeiner metric give second
moments of fluctuations. The Ruppeiner geometry has
been used to study the ideal gas and the van der Waals
gas. The results show that the curvature vanishes for the
ideal gas. While for the van der Waals gas, it is non-zero
and divergent, at which the phase transitions take place
[16, 17]. Thus the Ruppeiner geometry as a way to ex-
plore the thermodynamics and phase transition structure
of black holes has been widely used [18–26]. As pointed
out in [17], the Ruppeiner curvature can also be used to
probe the microstructure of a thermodynamic system.
The purpose of this paper is to study the phase tran-
sition of the Kehagias-Sfetsos (KS) black hole [7] in the
HL gravity from the view of the thermodynamic geome-
try. The divergent points of the four capacities CP , CΦ,
CT and CS imply phase transitions in different ensembles.
In order to understand the phase transition from the view
of the thermodynamic geometry, we calculate the thermo-
dynamic curvature. The result shows that the divergent
points of the Ruppeiner curvature are corresponded to the
divergence of capacities CΦ and CT . Thus, the informa-
tion of phase transitions of the KS black hole are contained
in the thermodynamic curvature.
Thermodynamics and phase transition of the
Kehagias-Sfetsos black hole. – The KS black hole
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in the deformed HL gravity reads [7]
ds2HL = −N2(r) dt2 +
1
f(r)
dr2 + r2(dθ2 + sin2 θdφ2), (1)
where
N2 = f = 1 + ωr2 −
√
r(ω2r3 + 4ωM). (2)
It was argued in [11, 12] that the quantity
√
1
2ω behav-
iors as a charge-like parameter. So, we denote P =
√
1
2ω
and consider it as a new parameter in the black hole ther-
modynamics. Then the metric function (2) will be of the
form
N2(r, P ) = f(r, P ) = 1 +
r2
2P 2
−
√
r4
4P 4
+
2Mr
P 2
. (3)
Expanding the metric function at large r, the
Schwarzschild case will be recovered. The outer (inner)
horizon of the KS black hole is determined by f(r, P ) = 0,
which gives
r± = M ±
√
M2 − P 2. (4)
Assuming the existence of the black hole horizon (M2 ≥
P 2), the mass parameter M(r+, P ) can be expressed as
M =
r+
2
+
P 2
2r+
=
r+ + r−
2
. (5)
Note that the charge-like parameter P satisfies P 2 =
r+r−. The Hawking temperature T is defined as
T =
f ′(r)
4pi
∣∣∣∣
r=r+
=
r2+ − P 2
4pir+(2P 2+r2+)
=
r+ − r−
4pir+(r++2r−)
. (6)
At the extremal case r+ = r−, the temperature T van-
ishes. Assuming the first law of black hole thermodynam-
ics dM = TdS+ΦdP holds, we then have the potential Φ
corresponded to P
Φ =
(
∂M
∂P
)
S
=
r+ + 2r− − (r+ − r−)(ln r2+)
r+ + 2r−
√
r−
r+
. (7)
From the first law, we can obtain the entropy of KS black
hole:
S = pir2+ + 2piP
2(ln r2+) + S0, (8)
where S0 is an integration constant and can be fixed by
the boundary condition. The entropy can also be written
in the form
S =
A
4
+ 2piP 2 ln
A
A0
. (9)
Here A = 4pir2+ is the outer horizon area and A0 is a
constant with dimension of area. From (9), one can see
that the Bekenstein-Hawking entropy/area law is modified
by the second term in the deformed HL gravity. As the
charge-like parameter P → 0, the standard Bekenstein-
Hawking entropy/area law will be recovered. The specific
heat capacities for fixed charge P , Φ and the capacitances
for fixed temperature T and entropy S, in terms of r+ and
r−, are given by
CP = T
(
∂S
∂T
)
P
=
2pir+(r+ + 2r−)
2(r+ − r−)
η1
, (10)
CΦ = T
(
∂S
∂T
)
Φ
= −2pir+
η2
[
(r+ + 2r−)
3 + 2η1r−(ln r
2
+)
2
+(r+ + 2r−)(11r+r− − r2+ + 2r2−)(ln r2+)
]
,
(11)
CT =
(
∂P
∂Φ
)
T
= −r+(4r
3
− + 12r+r
2
− + 3r
2
+r− − r3+)
η2(r+ − r−)
,
(12)
CS =
(
∂P
∂Φ
)
S
=
r+(r+ + 2r−)
3
η3
, (13)
where
η1 = 5r+r− − r2+ + 2r2−, (14)
η2 = 2r
2
−(2 + (ln r
2
+)) + r+r−(16 + 5(ln r
2
+))
+r2+(1− (ln r2+)), (15)
η3 = r
2
+r−(9− 2(ln r2+))− r3+) + r+r2−(4r3−(1 + (ln r2+))
+(r+ + 2r−)
3 + 2r+r
2
−(12 + 5(ln r
2
+)). (16)
It is clear that the heat capacity CP approaches to zero
as the black hole trends to the extremal case. It has a
divergent behavior at η1 = 0. Assuming a black hole is
surrounded by the thermal radiation with the same tem-
perature, the heat balance conditions will require the heat
capacity of the black hole to be positive. This means that
the positive heat capacity can guarantee a stable black
hole to exist in thermal bath. While the negative one
will make the black hole disappear when perturbation is
included in.
The behaviors of these four heat capacities are shown
in Fig. 1 in the range of r+ > r−. It is clear that each of
them has divergent points. Form Fig. 1(a), we find that
the small KS black holes are stable, while the large ones
cannot exist stably in thermal bath. So, there exists a
phase transition at η1 = 0, where the heat capacity CP is
divergent and changes its sign from positive to negative. It
also clear that the capacities CΦ and CT are divergent at
η2 = 0. CT is also found to go to negative infinity at r+ =
r−, which describes a phase transition from an extremal
black hole to a non-extremal one. From the figures, we find
that the capacity CS is divergent in two separate parts.
One is similar to other capacities, and another part is a
circle located at small r+ and r− shown in Fig. 1(e).
The different behaviors of them imply the thermodynamic
p-2
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Fig. 2: Behaviors of phase transition points η1 = 0 (dashed-
dotted line), η2 = 0 (dashed line) and η3 = 0 (full line).
stability and phase transitions in different thermodynamic
ensembles. Form the definitions of the four capacities, we
obtain a relation between them
CPCT (CΦCS)
−1 = 1. (17)
The relation tells us that only three of them are inde-
pendent. To better understand the divergent behaviors of
these heat capacities, we plot the phase transition points
η1 = 0, η2 = 0 and η3 = 0 in the r+ ∼ r− plane presented
in Fig. 2. We could see that the points η1 = 0 and η2 = 0
have a monotonically increasing behaviors, while points
η3 = 0 have a rich structure, i.e., a increasing line and a
circle.
It is natural to conclude that the information of phase
transition is contained in these capacities. And we will
also show, in the next section, that the phase transition
can also be revealed by the thermodynamic curvature pro-
duced by thermodynamic metric.
Thermodynamic geometry of the Kehagias-
Sfetsos black hole. – The Ruppeiner metric, as we
know, is defined as the second derivatives of entropy S
(thermodynamic potential) with respect to the mass and
other extensive quantities of a thermodynamic system.
Different from the Weinhold one, the Ruppeiner geometry
is generally considered to have physical meanings in the
fluctuation theory of thermodynamics and the components
of the inverse Ruppeiner metric give second moments of
fluctuations. The Ruppeiner geometry as a way to explore
the black hole thermodynamics and phase transitions has
been widely used. Accordingly, how does the Ruppeiner
geometry behave for the KS black hole? Therefore, we
start this section with the question.
The Ruppeiner thermodynamic metric for the KS black
hole reads
ds2r = gijdxidxj = −
∂2S
∂xi∂xj
dxidxj , (i, j = 1, 2.) (18)
with x1 = M , x2 = P . This line element measures the
probability of a fluctuation between two states. Combin-
ing (4) and (8), we obtain a Bekenstein-Smarr-like formula
S = pi(M +
√
M2 − P 2)2 + 4piP 2 ln(M +
√
M2 − P 2). (19)
Thus, the Ruppeiner metric can be obtained through (18).
After a simple calculation, the metric can be expressed, in
terms of r+ and r−, as
gr11 =
8piη1r+
(r+ − r−)3
,
gr12 = g
r
21 = −
16pi
√
r−r+(r
2
− + r+r− + r
2
+)
(r+ − r−)3
, (20)
gr22 =
4pi(6r3− − 5r+r2− + 10r2+r− + r3+)
(r+ − r−)3
− 8pi ln(r+).
It is clear that the metric is singular at r+ = r−. So,
the Ruppeiner metric is useless to describe an extremal
black hole and we will restrict our discussion for the non-
extremal black hole r+ > r−. As shown in [17], calculat-
ing the curvature may tell us the thermodynamic proper-
ties for a microscopic model. Although microscopic degree
of freedom of a black hole is still unknown, we can per-
form with this technique, which may provide us with some
useful information about the microstructure of the black
hole (such as the correlation length). A direct calculation
shows that the Ruppeiner curvature is
Rr =
(2r− + r+)(r
2
− + 7r+r− + r
2
+)
piη22r+
. (21)
Here, the definitions of the Christoffel symbols and Rie-
mann curvature tensor are the same as [16], i.e., Γλµν =
1
2g
λτ (gντ,µ + gµτ,ν − gµν,τ ) and Rµσντ = Γµσν,τ − Γµστ,ν +
Γµλ,τΓ
λ
σ,ν −Γµλ,νΓλσ,τ . Note that η2 contained a logarithmic
term, which comes from the entropy. Thus, we can see
that the logarithmic term has influence on the Ruppeiner
curvature, as well as the thermodynamic metric (20). We
plot Rr in Fig. 3 as functions of r+ and r−. Form it,
we can see that the curvature Rr is positive definite for
all r+ > r− and it is divergent at η2 = 0. The non-
vanished curvature suggests that the statistical system of
KS black hole is interacting. And the positive value im-
plies that there is effective repulsive interaction among the
microscopic particles carrying with the degrees of freedom.
The divergent points also imply a phase transition, which
is consistent with that of CΦ and CT . And the diver-
gent points mean that unlimited repulsive force appears.
This behavior is similar to the ideal gas of fermions, whose
curvature is found to be positive and positive diverge at
absolute zero [27, 28]. The positive diverge points can be
understood with the Pauli’s exclusion principle, which for-
bids two particles in the same state with unlimited repul-
sive force. While for the ideal gas of bosons, the curva-
ture is negative and goes to negative infinity at absolute
zero [27] appeared as Bose-Einstein condensation. On the
other hand, the Ruppeiner curvature is regular at η1 = 0
p-3
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Fig. 1: Behaviors of heat capacities for KS black hole in the range of r+ ≥ r−, (a) for CP with divergent points at η1 = 0 and
vanishing points at r+ = r−, (b) for CΦ with divergent points at η2 = 0, (c) for CT with divergent points at r+ = r− and
η2 = 0, (d) for CS with divergent points at η3 = 0, and (e) for CS at small r+ and r−.
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Fig. 3: Behaviors of Ruppeiner curvature Rr for KS black hole
in the range of r+ ≥ r−, with divergent points at η2 = 0.
and η3 = 0. So, it could not reflect the phase transition
contained in CP and CS . The reason of it is that the
different choice of thermodynamic potential only gives us
the thermodynamic stability and phase transitions in one
thermodynamic ensemble. Thus, in order to obtain the
thermodynamic stability and phase transitions in another
ensemble, we should take another thermodynamic poten-
tial for the statistical system.
Sumarry. – In this paper, we study the thermody-
namic geometry and phase transition of KS black hole in
the deformed HL gravity with coupling constant λ = 1.
We first calculate the four type’s capacities. The heat
capacity CP implies that the small KS black hole can sta-
bly exist in a heat bath, while the large one could not.
CP is also found to be vanished at r+ = r−, which cor-
responds to the extremal black hole, and CP is found to
diverge at the points η1 = 0 implying the existence of a
phase transition. Other three capacities show the phase
transition points at η2 = 0, η3 = 0, respectively. The
points η3 = 0 also show a more complicated structure than
that of η1 = 0, η2 = 0. Then we examine the thermody-
namic geometry. The results tell that the phase transition
points are consistent with the singular points of the ther-
modynamic curvatures, i.e., the Ruppeiner curvature Rr
is singular at η2 = 0. Therefore, we can conclude that
the phase transition is included in the thermodynamic ge-
ometry. Moreover, the thermodynamic curvature Rr pro-
duced from the Ruppeiner metric is positive definite for all
r+ > r− and divergence at η2 = 0. These suggest that the
microstructure of the black hole has an effective repulsive
interaction, which behaves like the ideal gas of fermions.
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